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Hamiltonian distributed chaos in the Asian-Australian Monsoons and in the ENSO
A. Bershadskii
ICAR, P.O. Box 31155, Jerusalem 91000, Israel
Two subsystems of the Asian Monsoon: the Indian Summer Monsoon and the Western North
Pacific Monsoon, have been analysed using their daily indices ISMI and WNPMI. It is shown that
on the intraseasonal time scales the ISMI and WNPMI are dominated by the Hamiltonian distributed
chaos with the stretched exponential spectrum: E(f) ∝ exp−(f/f0)
β and analytical values of the
parameter β = 3/4 and β = 1/2 correspondingly. The relevant daily indices Nin˜o 3 and Nin˜o 4
(with β = 1/2) of the El Nin˜o-Southern Oscillation (ENSO) and the Australian Monsoon (AUSM
index with β = 1/2) have been also discussed in this context.
THE ASIAN MONSOON
Two dominant regions of energy supply (by convec-
tive heat) can be determined for the Asian monsoon: the
Philippine Sea and Bay of Bengal (see for a comprehen-
sive review Ref. [1]). Weak correlation between these
rather different energy sources resulted in appearance of
two different in their properties monsoon indices: West-
ern North Pacific Monsoon Index (WNPMI) and Indian
Summer Monsoon Index (ISMI or IMI) [1],[2]. Together
these indices describe one of the most powerful oscillat-
ing pattern of the earth’s climate. Definition of ISMI and
WNPMI can be understood from the figure 1 [1],[3]. The
regions where the zonal winds are used for computation
of the monsoon circulation indices are denoted in the Fig.
1 by the boxes (see also figure 2 [4]). According to the
Refs. [1],[2] the difference of the 850-hPa zonal winds is
used for the definition of the
ISMI=U850(40E−80E,5N−15N)−U850(70E−90E,20N−30N)
and the difference of 850-hPa westerlies is used for the
definition of the
WNPMI=U850(100E−130E,5N−15N)−U850(110E−140E,20N−30N)
The ISMI represents the rainfall anomalies over a region
including the India, Bay of Bengal and the eastern Ara-
FIG. 1: Indian Summer Monsoon Index (left) and Western
North Pacific Monsoon Index (right) [3].
FIG. 2: Asian-Australian Monsoons on 2 Jul.: ORL, 200-hPa
Streamlines and 850-hPa Wind Clim (1979-1995) [4].
bian Sea. The WNPMI represents also the low-level vor-
ticity generated by response of the Rossby waves to con-
vective heat source located at the Philippine Sea (cf. the
Ref. [5]).
Correlation between these indices is very weak that
corresponds well to the difference in their origins. Dis-
similarity between the ISM and WNPM geographic set-
ting in respect of the ocean-continent distribution results
in the considerable differences in their variability for all
time scales.
Despite this, convective activity related to the Asian
Monsoon results in a global pattern expanding in both
hemispheres for intraseasonal as well as for inter-annual
time scales [6],[7]. Even Arctic ice patterns can be driven
by the Asian Summer Monsoon via North Atlantic [8].
HAMILTONIAN DISTRIBUTED CHAOS
Chaotic dynamical systems typically exhibit exponen-
tial power spectra (see, for instance [9]-[12]):
E(f) ∝ exp−(f/fc) (1)
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FIG. 3: Power spectrum of the x fluctuations for the Nose-
Hoover oscillator.
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FIG. 4: Temperature power spectrum in a thermal convective
cell (the data were taken from Ref. [18]).
A more complex situation takes place for analytical
Hamiltonian dynamical systems. Namely, a weighted su-
perposition of the exponentials produces a stretched ex-
ponential high-frequency spectral tails
E(f) ∝
∫
∞
0
P (fc) exp−(f/fc) dfc ∝ exp−(f/f0)
β (2)
with β = 3/4 or β = 1/2 [13]. The value β = 1/2 can
also appear due to adiabatic invariance of the action [14]
at spontaneous breaking of the time translational sym-
metry for the Hamiltonian dynamical systems [15]. The
spectrum Eq. (2) represents the Hamiltonian distributed
chaos.
Figure 3 shows, as an example, power spectrum for the
x(t) variable of the Nose-Hoover oscillator (the Sprott
A system [16]). This oscillator can be considered as a
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FIG. 5: Daily ISM index for the period 1948-2015yy [3]
harmonic oscillator contacting with a thermal bath and
can be described by the system of equations


x˙ = y
y˙ = −x+ yz
z˙ = 1− y2
(3)
The thermostat is represented by the term - yz. The dot
over a variable denotes a time derivative. The system is
a Hamiltonian one [16].
The data for computation of the spectrum shown
in the Fig. 3 were taken from the site [17]. The
computation was performed using the maximum entropy
method, providing an optimal resolution for chaotic
time series [11]. The straight line in the Fig. 3 is drawn
to indicate correspondence (in the appropriately chosen
scales) to the Eq. (2) with β = 3/4.
Another example of the spectrum Eq. (2) (now with
β = 1/2) is shown in figure 4. This figure shows
a temperature power spectrum. The temperature was
measured at the center of an upright cylinder cell with
strong thermal convection at very large Rayleigh number
Ra = 3 · 1014 [18] (see Ref. [19],[20] describing the low-
order Hamiltonian models of the Rayleigh-Benard con-
vection).
CHAOTIC ISM AND WNPM INDICES
Most of the theoretical models constructed in the geo-
physical fluid dynamics are Hamiltonian [5],[21]-[24] and
it has been already established that the Hamiltonian dis-
tributed chaos determines the AAO, AO, NAO and PNA
daily indices on the intraseasonal scales [15],[25]. There-
fore, one can expect the same situation for the Asian
Monsoon daily indices as well.
3In the time series the intraseasonal time scales can be
separated by removing of the components of interannual
variability and annual cycle. Subtraction of a 120-day
moving average is considered as an appropriate tool for
removing the low frequency variations in such cases (see,
for instance, Ref. [26] and references therein). We have
used the 121-day moving average for this purpose:
y(i) =
∑i+k
i−k x(i)
(2k + 1)
(4)
Figure 5 shows the daily ISM index for the period
1948-2015yy (the data were taken from the Ref. [3]).
Figure 6 shows power spectrum for the intraseasonal
(i.e. after the subtraction) daily ISM index for the
period 1948-2015yy (the data for the computations
were taken from the site [3]). The straight line is
drawn to indicate correspondence to the Eq. (2) with
β = 3/4. The characteristic time scale obtained from
the best fit is T0 = 1/f0 ≃ 32d. Figure 7 shows power
spectrum corresponding to the intraseasonal daily
WNPM index for the period 1948-2015yy (the data
for the computations were taken from the site [3]).
The straight line is drawn to indicate correspondence
to the Eq. (2) now with β = 1/2. The characteristic
time scale obtained from the best fit is T0 = 1/f0 ≃ 171d.
One can see that the both analytical types of the
Hamiltonian distributed chaos are present in the Asian
Monsoon. The difference between its two components,
mentioned in the first Section, is reflected in the differ-
ence between the two values of the β parameter (cf. Figs.
6 and 7).
AUSTRALIAN MONSOON
The Australian Monsoon is a natural equatorial
counterpart for the Asian (mainly WNPM) Monsoon.
Indeed, flow across the Equator of the dry air from
the continent, where a winter (for corresponding hemi-
sphere) takes place, toward the hemisphere with summer
conditions delivers moisture, that was taken on the way
from the worm oceans. This moisture feeds the monsoon
rains at the hemisphere with the summer conditions.
The reverse of the winds direction each half a year
results in the alternation between the monsoon rainfalls
in the Northern and the Southern hemispheres.
The rainfall and wind records at the most northerly
of the Australian capital cities - Darwin (12oS, 130oE,
see figure 8) were used to describe the Australian Mon-
soon in majority of early studies (see, for instance, the
Refs. [27],[28] and references therein). However, as one
can see from figure 9 a broad scale wind circulation in-
dex properly corresponding to the Australian Monsoon
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FIG. 6: Power spectrum for the intraseasonal daily ISM index.
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FIG. 7: Power spectrum for the intraseasonal daily WNPM
index.
should be based at a different location. The authors of
the recent paper Ref. [30] (see also an earlier paper Ref.
[31]) suggested such index - AUSMI, based on 850 hPa
zonal wind anomalies averaged over the region 5oS-15oS,
110oE-130oE (see the Fig. 8). It should be noted that the
Australian monsoon rainfall is located approximately in
the area (7.5oS-17.5oS, 120oE-150oE), i.e. well including
the Darwin location (see also below). Despite this the
AUSMI captures well not only the interannual and in-
traseasonal time scales variability of the Australian mon-
soonal rainfall but also the relationship of the Australian
monsoon with the ENSO [30].
Figure 10 shows shows power spectrum correspond-
ing to the intraseasonal daily AUSM index for the pe-
riod 1948-2015yy (the data for the computations were
4Darwin
FIG. 8: The Australian Monsoon Index - AUSMI (adapted
from the site [3]).
FIG. 9: A sketch of the broad-scale circulation corresponding
to the active Australian Monsoon (adapted from the site [29]).
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FIG. 10: Power spectrum for the intraseasonal daily AUSM
index.
FIG. 11: Map of the tropical Pacific regions [32].
taken from the site [3]). The straight line is drawn to
indicate correspondence to the Eq. (2) with β = 1/2.
The characteristic time scale obtained from the best fit
is T0 = 1/f0 ≃ 143d. One can see that the AUSMI power
spectrum corresponds to that of the WNPMI’s type
(β = 1/2) rather than that of ISMI’s type (β = 3/4). It
could be expected, because the Australian monsoon has
geographic setting in respect of the ocean-continent dis-
tribution more similar to that corresponding to WNPM
rather than that corresponding to ISM.
RELATIONSHIP WITH ENSO
Naturally relationship between the Asian-Australian
Monsoons and El Nin˜o (La Nin˜a)-Southern Oscillation
(ENSO) phenomenon is of great interest (see, for
instance, Refs. [1],[30]-[37] and references therein). The
relationships between the ENSO and the two subsys-
tems of the Asian Monsoon are different, according
to the difference between these subsystems. While
the relationship between the ENSO and the Indian
Summer Monsoon is rather uncertain and non-stable
the relationship between the ENSO and the NWPM is
much more strong and stable. Relationship between the
Australian Monsoon and the ENSO is even stronger due
to their geographic setting (cf. Figs. 8 and 11, and see
below).
The Nin˜o 3 (5N-5S, 150W-90W region) and the
Nin˜o 4 (5N-5S, 160E-150W region) indices - Fig. 11,
based on sea surface temperature (SST) anomalies
averaged across a given region, can be considered as the
relevant ones for comparison with the Asian-Australian
Monsoons indices. It should be noted that the Nin˜o 4
region is characterized by less variance than the other
ENSO regions.
Figure 12 shows power spectrum corresponding to the
intraseasonal daily Nin˜o 3 index for 1981-2018yy period
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FIG. 12: Power spectrum for the intraseasonal daily Nin˜o 3
index.
(the data for the computations were taken from site [38]).
The straight line is drawn to indicate correspondence
to the Eq. (2) with β = 1/2. The characteristic time
scale obtained from the best fit is T0 = 1/f0 ≃ 280d.
Figure 13 shows power spectrum corresponding to the
intraseasonal daily Nin˜o 4 index for the 1981-2018yy pe-
riod (the data for the computations were taken from site
[38]). The straight line is drawn to indicate correspon-
dence to the Eq. (2) with β = 1/2. The characteristic
time scale obtained from the best fit is T0 = 1/f0 ≃ 196d.
Comparing the Figs. 6, 7 with the Figs. 12, 13 one
can conclude that the Hamiltonian distributed chaos ob-
served in the ENSO is more similar to the chaos observed
in the WNPM than to that observed in the ISM. This
conclusion is consistent with the other, above mentioned,
observations. Moreover, compare the Fig. 10 with the
Figs. 12 and 13 one can conclude that the Australian
Monsoon belongs to an extended ENSO system (at least
on the intraseasonal time scales).
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